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For the electron ow in the short-circuited diode lled with gas, with taking into account the braking force proportional
to velocity, the stationary modes and their linear perturbations are considered. The equation for increment of
perturbation amplitude increase is obtained. The ranges of braking coecient values are found, in which existence
of stable or unstable stationary modes is possible.
PACS: 41.85.Ar
1. INTRODUCTION
In many types of electron sources, there are parts
in which an electron multiplication is practically ab-
sent and the electron motion is mainly determined
by space charge, similarly to one in diode. Electron
ow stability in the short-circuited diode was consid-
ered in the paper [1]. In it, the equation for the in-
crements of perturbation development was obtained
and the dependence of the increments on the ow pa-
rameters was built. The results of the paper [1] also
were presented in the monograph [2]. An external
eld accelerating the electrons, as a rule, strengthens
the ow stability [3]. In the model considered in the
paper [1], electron motion is completely determined
with electrostatic forces. In the present work, colli-
sions are taken into account through eective braking
force proportional to electron velocity. In the section
2, the considered model is described and the equa-
tions for the parameters of stationary modes and for
the increments of perturbation development are ob-
tained. In the section 3, the dependence of the main
instability increment on the parameters of stationary
mode is studied.
2. MODEL AND SOLUTION
Let us consider one-dimensional electron ow un-
der the electrostatic forces and the braking force pro-
portional to electron velocity with the ratio 0 of rel-
evant acceleration to velocity (0 > 0). To write the
dimensionless equations, let us denote by e0 the ele-
mentary charge (e0 > 0), by m0 electron mass, by "0
electric constant, by j0 current density in stationary
mode and let us take the following units: the diode
gap width z0 for length, the entrance velocity v0 for
velocity, the ratios t0 = z0=v0, n0 = j0=(e0v0), and
E0 = (m0v
2
0)=(e0z0) for time, electron density, and
eld strength, respectively. It is assumed that z = 0
for entrance, so, z = 1 for exit. The equations in the
dimensionless Euler variables have the form
@tn+ @z(nv) = 0; (1)
@tv + v@zv =  E   v;
@zE =  qn; (2)
where  = (0z0)=v0, q = e
2
0n0z
2
0("0m0v
2
0)
 1, the
quantities v, n, and E are dependent on the vari-
ables (z; t), @ is partial derivative, its index indicates
the variable, with respect to which the derivative is
taken. Parameter q is proportional to the entrance
electron current. An operation mode of the diode
may be eectively controlled by its value. It is ex-
pedient to use Lagrange variables to simplify the
equations solving. Let ze(; t) and ve(; t) are co-
ordinate and velocity at the time t of the electron
which has come in gap at the time  ( < t). Let
ne(; t) and Ee(; t) are electron density and eld
strength in the point z = ze(; t) at the time t. It is
assumed that during the considered stage of the pro-
cess all electrons are moving in positive z direction
and ze(; t) monotonously decreases with  increase.
So, at this stage, the relative disposition of electrons
in ow is not changed, electrons do not outrun one
another, though the distance between them may be
changed. An electron motion in Lagrange variables
is described with the equations
@t(ne@ze) = 0; (3)
@tze = ve; (4)
@tve =  Ee   ve; (5)
in which the quantities ze, ve, ne, and Ee are de-
pendent on the variables (; t). The equation (3)
may be obtained from (1) and (4) with taking into
account the equalities
@t(ne@ze) = (@tn+ v@zn)@ze+
+n@zv@ze = @ze[@tn+ @z(nv)];
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in which it is assumed that the partial derivatives
are concerned to the dependence on (; t) for the
quantities with the index `e' and to the dependence
on (z; t) for the quantities without indexes, and the
equality z = ze is held. In the same assumptions,
from (2) and (3), one can get the equalities
@Ee = @zE@ze =  qne@ze =
=  q[ne(; t)@ze(; t)]t= : (6)
From (4) and (6), taking into account that
ze(t; t) = 0, ve(t; t) = 1, ne(t; t) = 1, one can obtain
the equalities
[@ze(; t) + ve(; t)]t= = @ze(; ) = 0;
[@ze(; t)]t= =  ve(; ) =  1;
@Ee(; t) = q: (7)
Integration of (7) gives the equality
Ee(; t) = Ee0(t) + (   t)q; (8)
where Ee0(t) = Ee(t; t). The possibility to obtain
the explicit expression (8) for the eld strength is
connected with the considered stage of the process,
at which relative disposition of electrons in ow is
not changed, electrons do not outrun one another,
though the distance between them may be changed.
For m = 1; 2; 3; : : :, let us dene the functions
em(x) = ( 1)m

e x  
Xm 1
k=0
( x)k=k!

:
The integration of (5) and (4), with the eld strength
from (8), gives the equalities
ve(; t) =  
R t

de( t)Ee0()+
+e( t) + q 2e2(t  );
ze(; t) =  
R t

d 1e1(t  )Ee0()+
+ 1e1(t  ) + q 3e3(t  ): (9)
For the electron, which goes out from the gap at
time t, let us denote by T (t) the time during which it
moves through the gap. That is, it has come in the
gap at the time t  T (t) and the equality
ze(t  T (t); t) = 1 (10)
should be held. For the eld strength the conditionZ t T (t)
t
dEe(; t)@ze(; t) =  V (t) (11)
should be imposed. In it V (t) is applied voltage.
From (11) and (10) taking into account (8) and (9),
one can get the equations
Ee0(t) =  V (t)  q2 4e4(T (t))+
+q[T (t)   2e2(T (t))]+
+q
R T (t)
0
d 1e1()[T (t)  ]Ee0(t  );
(12)
  R T (t)
0
d 1e1()Ee0(t  )+
+ 1e1(T (t)) + q 3e3(T (t)) = 1:
(13)
Diode can operate in stationary mode under sta-
tionary external conditions. In the case of short-
circuited diode (V (t) = 0), for the quantities Ee0 and
T independent on t, the equations (12) and (13) give
the equalities
Ee0e2(T ) =
= qe3(T ) + 
2e1(T )  3;
Ee0[
3   qe3(T )] =
= q2[2T   e2(T )] + q2e4(T ):
Excluding Ee0 from them, one can obtain the equality
q2 4[e23(T )  e2(T )e4(T )]+
+q 2fe2(T )[2T   e2(T )]+
+e3(T )[e1(T )  2]g+
+[   e1(T )] = 0;
which gives q for the given  and T .
The stationary mode may be unstable. Let us
consider development of small perturbation caused by
the short-time non-zero applied voltage V 0(t). Denot-
ing the perturbations with prime, from (12) and (13),
in linear approximation, one can obtain the equations
E0e0(t) + V
0(t) =
= q 1
R T
0
de1()(T   )E0e0(t  );
(14)
T 0(t) = (ve1) 1
R T
0
de1()E
0
e0(t  ); (15)
where ve1 is the value of exit velocity (that is,
ve(t  T (t); t)) in the stationary mode. Assuming ab-
sence of perturbations at t < 0, let us apply Laplace
transformation to the equations (14) and (15). De-
noting the transforms with tilde, according to the
example ef() = R1
0
dte tf 0(t), and dening the
functions
FE(b; x) = bx
 1(b+ x) 1+
+(b+ x) 2e1(b+ x)  x 2e1(x);
FT (b; x) = (b+ x)
 1
[x 1e1(x)  e xb 1e1(b)];
D() = qT 2 1FE(T; T )  1; (16)
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one can obtain the equationseEe0() = [D()] 1 eV ();
eT () = v 1e1 T 2FT (T; T ) eEe0();
and the equation for the increment  of self-consistent
perturbation development may be written in the form
D() = 0. Instability of the stationary mode is char-
acterized by positiveness of real part of the increment.
3. STABLE AND UNSTABLE MODES
In the cases of the braking force presence ( > 0)
and absence ( = 0), the characteristics of the short-
circuited diode are essentially dierent. The transi-
tions between one-stream and two-stream modes is
controlled by the value of the parameter q. In the
case  = 0, for q < 8=9, there is one-stream mode,
with symmetric distribution of electron density, ve-
locity, eld strength and potential with respect to
the middle of the gap. For small q the dierence
between the values of potential in the gap and its
boundary value is small. If q increases, but remains
less than 16=9, then one-stream mode remains stable,
electron velocity in the point of zero eld strength
vs remains greater than half of the entrance velocity
(vs > 1=2 in the dimensionless units), and maximum
of electron density (in the same point) remains less
than double density at entrance. If q becomes greater
than 16=9, then the stationary one-stream mode dis-
appears, as the increase of the electron charge in the
gap decelerates electrons more and leads to the fur-
ther charge increase. As a result, inside the gap, vir-
tual cathode (the point with zero eld strength and
zero electron velocity) is formed, and some part of
electron ow is rejected from it. But if the param-
eter q is decreased after formation of virtual cath-
ode (for example, due to entrance electron current
decrease) then for q2(8=9; 16=9) the ow mode re-
mains two-stream. Although existence of the sym-
metric one-stream mode with the minimum velocity
value smaller than half of the entrance velocity does
not contradict to the stationary equations, the linear
analysis of the non-stationary equations carried out
in [1] shows the instability of such mode. When q be-
come less than 8=9 two-stream mode disappears, and
the space charge, the value of which is excessive for
one-stream mode, goes away from the gap and forms
the current pulse. In the Fig.1, the correspondence
between the value of dimensionless velocity vs in the
point of zero eld strength and the value of parame-
ter q is shown for the dierent braking coecient 
values. In [1], for  = 0, it is shown that the points
to right from the curve maximum, with greater vs
values, correspond to the stable one-stream modes,
whereas the points to left correspond to the unstable
ones.
Appearance of braking force makes the distribu-
tions of electron velocity and density, eld strength
and potential non-symmetric with respect to the mid-
dle of the gap for any entrance electron density. In
the Fig.1 the curves with greater  in the interval
2(0; 1) give smaller q values for the same vs val-
ues, as both the space charge eld and the braking
force decelerate electrons. Also, in the case  > 0 the
arbitrary small 1  vs values are impossible even for
arbitrary small q values (that is, the velocity in the
point of zero eld strength cannot approach the en-
trance velocity value), and the greater the  value,
the smaller the limit value vs0 of vs at q!0. For 
near to 0, the limit value vsq0 of the derivative @qvs
at q!0 is negative, whereas for  near to 1, it is
positive, and for the limit transition f < 1,!1g
one can get vs0!exp( 1), vsq0!+1. The equality
vsq0 = 0 takes place at  near to 0.974589. For the
smaller  values at any vs value (from zero to maxi-
mum possible for the given ), there is only one cor-
responding q value, whereas for greater  values the
interval of vs values appears (near to the maximum
possible vs value), in which for any vs there are two
values of q.
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Fig.1. Dimensionless entrance current q
versus the value vs of ow velocity in the point
of zero eld strength, for dierent values of
braking coecient : 0 (upper curve), 0.2, 0.5,
0.8, 1, 1.1, 1.2, 1.30685
If  > 1 then the stationary modes with too small
q values are impossible, as without aid of the space
charge eld, under the action of the braking force
only, according to the equation v@zv =  v, electron
has to stop at the point z = 1=, which is situated in-
side the gap (as  > 1), and such stopping contradicts
to the mode stationarity. The smallest q value corre-
sponds to zero value of vs. The quantity vs increases
monotonously up to its maximum with increase of q
from its minimum value.
Stability or instability of the stationary mode is
determined by negativeness or positiveness of real
part of the increment , which is the root of the equa-
tion D() = 0 with D() dened in (16). The results
of study are somewhat similar to ones obtained in [1]
for the case  = 0. In the Fig.1, for 2(0; 1), the parts
of curves, which go out from the maximum to the left,
and come to the line vs = 0, correspond to the unsta-
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ble stationary modes, and the parts of curves, which
go out from the maximum to the right, and come
to the line q = 0, correspond to the stable station-
ary modes. Similarly, in the case when the dierence
   1 is positive, but suciently small, the parts of
curves, which go out from the maximum to the left,
and come to the line vs = 0 with the greater of the
two possible values of q, correspond to the unsta-
ble stationary modes, and the parts of curves, which
rst go out from the maximum to the right, but then
turn clockwise and come to the line vs = 0 with the
smaller of the two possible values of q, correspond to
the stable stationary modes.
It is natural that the point of q maximum on the
curve of correspondence between q and some charac-
teristic of the stationary mode divides the curve on
the parts related to the stable and unstable modes.
For the given , the parameter q remains the unique
one in the dimensionless equations, but in the consid-
ered system there are two possible stationary modes
for some values of q and there are characteristic quan-
tities, which are dierent for the dierent modes. The
quantity vs is one of them. The stationary distribu-
tions of v, n, and E are the functions of the Euler
variable z and they are dependent on vs as on pa-
rameter. Even for the point of the q maximum on
the curve q versus vs, the derivatives of these func-
tions with respect to vs are not zero ones, whereas
the derivative of q with respect to vs is equal to zero
there. And so, the mentioned derivatives of the func-
tions form the nonzero solution of the linear equations
for the Laplace transforms of the not stationary per-
turbations (dependent on the Euler variable z), which
corresponds to zero increment. That is, the point of
q extremum on the curve q versus vs corresponds to
zero increment for any , and this point divides the
curve on the parts connected with the stable and un-
stable stationary modes.
But at some  value (near to 1.30685) the point of
q maximum (with q value near to 4.8710 2) comes to
the line vs = 0, and the mentioned part of the curve,
corresponding to the unstable stationary mode, dis-
appears. In that case all one-stream modes possible
for greater  values are stable. For such  values the
curve on the plot q versus vs gives two values of q for
vs = 0, and for any q between these values there is
one value of vs. But if  becomes equal to some an-
other number (near to 1.36111) then both points of
the curve at the line vs = 0 meet each other at the q
value near to 1.3310 2. Then one-stream modes with
another q values or with nonzero vs value become im-
possible. For the greater  values one-stream modes
are impossible at all.
At the large q values the cause of impossibility
of one-stream mode existence lies in too large decel-
erating force of the space charge eld in the part of
the gap nearer to entrance, as it is, in particular, in
the case  = 0. At the small q values and suciently
large , the cause of impossibility of one-stream mode
existence is insuciently large accelerating force of
the space charge eld in the part of the gap nearer to
exit, so that such force cannot overcome the braking
force and it is incapable to push all the ow through
this part of the gap. In the two-stream mode only the
part of input ow passes the whole gap, and the elec-
trostatic eld may be capable to push some part of
input ow through the whole gap if the space charge
of the rejected part of ow is large enough.
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Fig.2. Boundaries of q for one-stream and
two-stream modes versus  (8=9 and 16=9 at
 = 0), in linear and logarithmic scales
In the Fig.2, the dependence of critical values of q
(corresponding to the boundaries of one-stream and
two-stream modes existence) on the  value is shown.
The upper curve is determined up to the  value near
to 1.30685. It gives one value of q for any  and its
point for the maximum  value also belongs to the
the upper part of the lower curve. The lower curve is
determined up to the  value near to 1.36111. It gives
one value of q for  < 1 and two ones for  > 1. Be-
tween them the two-stream mode cannot exist. For
q values greater than ones on the upper curve or less
than ones on the lower part of the lower curve the
one-stream mode cannot exist. Between the upper
curve and the upper part of the lower curve the one-
stream mode is unstable. Really it cannot exist, and
it is replaced with two-stream mode.
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Fig.3. Increment  versus q for the written
 values increased from the right curve to left
In the Fig.3, the dependence of  on q at the xed
 values is shown for the main self-consistent pertur-
bation. It develops monotonously and its increment
 is real. This increment is positive for the unstable
modes and negative for the stable ones. For any 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in interval (0; 1), the stationary modes with small q
are characterized by negative  with great absolute
values, and ! 1 when q!0. With  increase
the dependence of  on q changes essentially when 
passes the value 1. Namely, for  near to 1, at small
q, in the case  < 1, the curve  versus q goes to  1
with q decrease, whereas in the case  > 1 it goes to
zero.
4. CONCLUSIONS
The electron ow in the short-circuited diode is con-
sidered taking into account the braking force pro-
portional to velocity. Explicit solution of the equa-
tions is obtained with the usage of Lagrange vari-
ables, that gives comparatively simple expression for
electric eld, in the processes, in which relative dis-
position of electrons in ow is not changed, electrons
do not outrun one another, though the distance be-
tween them may be changed. Appearing of the brak-
ing force and increase of braking coecient leads to
changes of the input current intervals, in which sta-
tionary modes are stable or unstable. For small brak-
ing coecient, the ows with suciently small input
current are stable, in some interval of input current
the stable and unstable one-stream modes may ex-
ist, and for suciently large input current one-stream
modes are impossible. Also, the one-stream modes
are impossible in the case when input current is very
small and the braking coecient is so large, that in
absence of the electric forces electron stops inside the
gap. But the possible modes with not very small
input current are stable. The unstable one-stream
modes disappear at some suciently large value of
braking coecient. And for the braking coecients
values greater then some still greater threshold value,
one-stream modes are impossible et all.
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ÓÑÒÎÉ×ÈÂÎÑÒÜ ÏÎÒÎÊÀ ÝËÅÊÒÐÎÍÎÂ Â ÄÈÎÄÅ, ÇÀÏÎËÍÅÍÍÎÌ ÃÀÇÎÌ
À.Ïàùåíêî, Â.Îñòðîóøêî
Äëÿ ïîòîêà ýëåêòðîíîâ â êîðîòêîçàìêíóòîì äèîäå, çàïîëíåííîì ãàçîì, ñ ó÷åòîì òîðìîçÿùåé ñèëû,
ïðîïîðöèîíàëüíîé ñêîðîñòè, ðàññìîòðåíû ñòàöèîíàðíûå ðåæèìû è èõ ëèíåéíûå âîçìóùåíèÿ. Ïîëó÷å-
íî óðàâíåíèå äëÿ èíêðåìåíòà óâåëè÷åíèÿ àìïëèòóä âîçìóùåíèé. Íàéäåíû äèàïàçîíû çíà÷åíèé êîýô-
ôèöèåíòà òîðìîæåíèÿ, â êîòîðûõ âîçìîæíî ñóùåñòâîâàíèå óñòîé÷èâûõ ëèáî íåóñòîé÷èâûõ ñòàöèîíàð-
íûõ ðåæèìîâ.
ÑÒIÉÊIÑÒÜ ÏÎÒÎÊÓ ÅËÅÊÒÐÎÍIÂ Ó ÄIÎÄI, ÇÀÏÎÂÍÅÍÎÌÓ ÃÀÇÎÌ
À.Ïàùåíêî, Â.Îñòðîóøêî
Äëÿ ïîòîêó åëåêòðîíiâ ó êîðîòêîçàìêíåíîìó äiîäi, çàïîâíåíîìó ãàçîì, ç óðàõóâàííÿì ãàëüìiâíî¨ ñè-
ëè, ïðîïîðöiéíî¨ äî øâèäêîñòi, ðîçãëÿíóòî ñòàöiîíàðíi ðåæèìè òà ¨õíi ëiíiéíi çáóðåííÿ. Îòðèìàíå
ðiâíÿííÿ äëÿ iíêðåìåíòó çáiëüøåííÿ àìïëiòóä çáóðåíü. Çíàéäåíî äiàïàçîíè çíà÷åíü êîåôiöi¹íòó ãàëü-
ìóâàííÿ, ó ÿêèõ ìîæëèâå iñíóâàííÿ ñòiéêèõ àáî íåñòiéêèõ ñòàöiîíàðíèõ ðåæèìiâ.
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